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$E/\mathrm{C}$ . End$(E)$ , End $(E)\otimes_{\mathrm{Z}}\mathrm{Q}$
$\mathrm{Q}$ 2 $K$ . $E$
(CM) . , , $E$ 2 $K$ $\mathit{0}_{K}$ CM
, , . $\cdot$ .
End$(E)\cong_{\mathit{0}_{K}}$ ( $\exists K$ : 2 )
. $\mathrm{C}$ ,
$\mathfrak{H}_{1}:=\{\mathcal{T}\in \mathrm{C}|{\rm Im}(_{\mathcal{T}})>0\}$
$\tau$ , }$\sim-$ $\mathrm{C}/(\mathrm{Z}+\mathrm{Z}\tau)$ – . , $\mathrm{C}$
moduli $A_{1}$ , $\mathrm{Z}+\mathrm{Z}\tau$ ,
$A1=\mathrm{S}\mathrm{L}2(\mathrm{z})\backslash \mathfrak{H}1$
, modular j- affine $\mathrm{A}^{1}(\mathrm{C})$ . ,
$A_{1}$ , $\mathit{0}_{K}$ CM
$A_{1}^{\mathrm{C}\mathrm{M}}:=$ { $[E]\in A_{1}|\mathrm{E}\mathrm{n}\mathrm{d}(E)\cong \mathrm{o}_{K}(\exists K$ : 2 )}
. :
Fact 1. $[E]\in A_{1}^{\mathrm{C}\mathrm{M}}$ , 3 :
(1) $E$ $\mathrm{Q}$ ,
(2) $E$ j- $j(E)$ $\mathrm{Q}$ ,
(3) $K$ $h_{K}$ 1 .
\dagger ( ) .
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, $\mathcal{A}_{1}^{\mathrm{C}\mathrm{M}}$ Q- 1 2
, Heegner-Baker-Stark :
Fact 2. 1 2 $\mathrm{Q}(\sqrt{-d})(d=1,2,3.’ 7,11,19,43,67,163)$ 9
.
, :
Theorem 1.1. $A_{1}^{\mathrm{C}\mathrm{M}}$ 9 Q- .
, 9 Q- , $E$ .
Example 12. $K=\mathrm{Q}(\sqrt{-7})$ 1 2 . $i$ ,
$\mathit{0}_{K}$ , $\tau=\frac{1+\sqrt{7}i}{2}\text{ }$ , $\mathrm{C}$
$o_{K}=\mathrm{Z}+\mathrm{z}\mathcal{T}$
. , ,
$q=e^{2\pi i\tau}=$ -0.000245583.. . ,
$j(q)= \frac{1}{q}$ +744+196884 $q+\cdots=$ -33749999.. .
. j- -3375 CM
.
1 abel , 2
. 2 CM . $K/\mathrm{Q}$ 4 CM , $F$
$K$ 2 , $0_{K}$ $K$ . $\mathit{0}_{K}$ CM abel , ,
abel $A/\mathrm{C},$ $A$ $C$ $\theta:Karrow \mathrm{E}\mathrm{n}\mathrm{d}(A)\otimes \mathrm{Q}$
(1.1) $\theta^{-1}(\mathrm{E}\mathrm{n}\mathrm{d}(A))=\mathit{0}_{K}$
3 $(A, C, \theta)$ .
Definition 13. $K$ $k$ , $\mathrm{C}$ $M_{k}$ ,
$(A, C, \theta|k)$ moduli :
$\tau\in \mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{C})$ , $\tau\in \mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{C}/M_{k})$
$\exists\lambda:Aarrow A^{\tau}\sim$ : $\mathrm{s}.\mathrm{t}$ . $\{$
$\lambda(C)=c\mathcal{T}$ ,
$\lambda 0\theta(a)=\theta^{\tau}(a)0\lambda$ for $\forall a\in k$
.
Remark 14. , moduli – , abel
, moduli – .
170
$A_{2}$ $\mathrm{C}$ abel moduli . $A_{2}$ Siegel
$\mathfrak{H}_{2}:=\{_{\mathcal{T}\in}\mathrm{M}2(\mathrm{C})|\tau=\tau^{t}, {\rm Im}(\tau)>0\}$
, $A_{2}=\mathrm{S}\mathrm{p}2(\mathrm{z})\backslash \mathfrak{H}2$ . ,
$A_{2}^{\mathrm{C}\mathrm{M}}:=$ { $[(A,$ $C)]\in A_{2}|\mathrm{E}\mathrm{n}\mathrm{d}(A)\cong o_{K}(\exists K:4$ CM )}
. Theorem 11 :
Problem 15. $A_{2}^{\mathrm{C}\mathrm{M}}$ Q- , , $M_{\mathrm{Q}}=\mathrm{Q}$ ?
Example 16. 2
$y^{2}=x^{5}-1$
jacobi , $K=\mathrm{Q}(\zeta_{5})=\mathrm{Q}(\alpha)(\alpha^{4}+5\alpha+5=0)$ CM ,
$A_{2}^{\mathrm{C}\mathrm{M}}$ 1 Q- .
, :
Theorem 17(M-U [3]). $A_{2}^{\mathrm{C}\mathrm{M}}$ Q- 19 .
, .
2.
Theorem 17 , 2 . 1 1
Fact 1 , 2 Fact 2
.
Theorem 21 $(\mathrm{M}[2])$ . $K/\mathrm{Q}$ 4 CM , $[(A, C)]\in A_{2}$ End$(A)\supseteq \mathit{0}_{K}$
. , $[(A, C)]\in A_{2}^{\mathrm{C}\mathrm{M}}$ $M_{\mathrm{Q}}=\mathrm{Q}$ $K$
(a), (b) :
(a) $K$
$K=\mathrm{Q}(\sqrt{-q_{1}q_{t}\epsilon F\sqrt{p}})$ $(t\geq 0)$ ,
. , $\epsilon_{F}$ $\epsilon_{F}>0$ $F=\mathrm{Q}(\sqrt{P})$
, $p,$ $q_{1},$ $\ldots,$ $q_{t}$ 3 $(\mathrm{a}_{1}),$ $(\mathrm{a}_{2}),$ $(\mathrm{a}_{3})$ 1
:
$(\mathrm{a}_{1})p\equiv 5$ (mod 8) , $t\geq 1$ ,
$q_{i}\equiv 1$ $(\mathrm{m}\mathrm{o}\mathrm{d} 4)$ $( \frac{p}{q_{i}})=-1$ $(i=1, .$. $*’ t)$
.
(a2) $p\equiv 5$ (mod 8), $t\geq 1,$ $q_{1}=2$ , $t\geq 2$ ,
$q_{i}\equiv 1$ $(\mathrm{m}\mathrm{o}\mathrm{d} 4)$ $( \frac{p}{q_{i}})=-1$ $(i=2, \ldots, t)$
171
.
$(\mathrm{a}_{3})p=2$ , $t\geqq 1$ ,
$q_{i}\equiv 5$ (mod 8) $(i=1, \ldots, t)$
.
(b) $K$ $h_{K}^{-}$ $2^{t}$ .
Remark 22. [2] , , abel
.
(b) $t$ (a) –
. ,
$K=\mathrm{Q}(\sqrt{-r\epsilon_{F}\sqrt{p}}),$ $r=q_{1}\cdots q_{t}\in \mathrm{N}$
CM . , $K/\mathrm{Q}$ , $\mathrm{G}\mathrm{a}1(.K/\mathrm{Q})$
,
$\sigma:\sqrt{-a-b\sqrt{p}}\mapsto\sqrt{-a+b\sqrt{p}}$
. , $a+b\sqrt{p}:=r\epsilon_{F}\sqrt{p}$ . , , $K/\mathrm{Q}$
abel .
Theorem 23(Louboutin [1]). $K/\mathrm{Q}$ $2^{m}=2n\geq 4$ CM . $f_{\mathrm{A}’}$
$K$ , $d_{K}$ $K$ . ,
$h_{K}^{-} \geq\frac{2c_{K}}{e(2n-1)}(\frac{\sqrt{f_{K}}}{\pi(\log f_{K}+0.05)})^{n}$
. ,
$c_{K}=1- \frac{2\pi ne^{\frac{1}{n}}}{d_{K}^{\frac{1}{2n}}}$ $\frac{2}{5}\exp(-\frac{2n\pi}{d_{K}^{\frac{1}{2}}})$
.
, $K/\mathrm{Q}$ .




$f_{K}=pr,$ $d_{K}=f_{R}^{2}\prime f_{F}=pr32,$ $c_{K}=1- \frac{4\pi e^{\frac{1}{2}}}{d_{R}^{\frac{1}{\prime 4}}}$
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. Louboutin ,
$h_{K}^{-} \geq\frac{2}{3e}(1-\frac{4\pi e^{\frac{1}{2}}}{p^{\frac{3}{4}}r^{\frac{1}{2}}})\frac{pr}{\pi^{2}(\log pr+0.05)2}$
$= \frac{2}{3e\pi^{2}}$ . $\frac{pr-4\pi e\frac{1}{2}pr\frac{1}{4}\frac{1}{2}}{(\log pr+0.05)2}$
$> \frac{2}{3e\pi^{2}}.\frac{pr-4\pi e^{\frac{1}{2}(.r}p)^{\frac{1}{2}}}{(\log pr+005)2}$
. , $pr$ ,
$f(x):= \frac{2}{3e\pi^{2}}$ . $\frac{x-4\pi e^{\frac{1}{2}}X^{\frac{1}{2}}}{(\log x+0.05)2}$
. , $f(x)$ $x>108$ .
,
$\alpha_{t}:=\square (5i=0+4i)$
, $t$ , $pr=pq_{1}\cdots q_{t}>\alpha_{t}$ . , $t\geq 2$
$f(pr)>f(\alpha t)$
. , $f(\alpha_{t})>2^{t}$ $t$ , ,
$t\geq 4\Rightarrow f(\alpha_{t})>2^{t}$
, . $\square$
(a2), $(\mathrm{a}_{3})$ . 20 4
CM Park-Kwon [4] . Theorem 21
, :
Theorem 25. $K/\mathrm{Q}$ (a) (b) 4 CM . , $K$
13 :
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1 , 2 .
, 4 CM \not\in . ,
abel
.
$K/\mathrm{Q}$ 4 CM , $K$ $\mathrm{C}$ $I:=\{\iota : Krightarrow \mathrm{C}\}$
. , $-$. .




$\Phi:K\otimes_{\mathrm{Q}}\mathrm{R}arrow \mathrm{c}\sim 2$ , $\alpha\otimes a\mapsto(a\alpha^{\sigma_{1}}, a\alpha^{\sigma_{2}})$
. $K$ $\alpha$ , $\mathrm{A}_{\alpha}:=\Phi(a)$ $\mathrm{C}^{2}$ ,
$\mathrm{C}^{2}/\Lambda_{a}$ . $\eta\in K$
$\overline{\eta}=-\eta,$ ${\rm Im}(\eta^{\tau})>0$ for $\tau=\sigma_{1},$ $\sigma_{2}$
174
, $\mathrm{C}^{2}/\Lambda_{a}$ Riemann form
$E(\Phi(x), \Phi(y)):=\mathrm{T}\mathrm{r}_{R’/\mathrm{Q}}(\eta x\overline{y})$ for $\forall x,$ $y\in K$
. , $(\mathrm{C}^{2}/\Lambda_{a}, \eta)$ abel .
Definition 27. type $(K, \Phi)$ abel .
, $\mathit{0}_{K}$ CM abel $(A, C, \theta)$ , CM-type $\Phi,$ $K$ $a$ ,
$\eta\in K$ . , abel $(A, C, \theta)$ $(K, \Phi;\alpha, \eta)$ – .
$K/\mathrm{Q}$ , CM-type
$\Phi_{1}=\{1, \sigma\},$ $\Phi 2=\{1, \sigma-1\},$ $\Phi 3=\{\sigma^{2-}=\cdot, \sigma\},$ $\Phi 4=\{\sigma^{2}, \sigma^{-1}\}$
4 . $A_{2}^{\mathrm{C}\mathrm{M}}$ type $(K, \Phi)$ abel
$A_{2}^{\mathrm{C}\mathrm{M}}(K, \Phi)$ . $K/\mathrm{Q}$ ,
$A_{2}^{\mathrm{C}\mathrm{M}}(K, \Phi 1)=A_{2}^{\mathrm{C}\mathrm{M}}(K, \Phi_{2})=A_{2}^{\mathrm{C}\mathrm{M}}(K, \Phi 3)=A_{2}^{\mathrm{C}\mathrm{M}}(K, \Phi 4)$
, CM-type $\Phi=\{1, \sigma\}$ . ,
$N_{F/\mathrm{Q}}(\epsilon_{F})=-1$ , $C$ –
. , 13 19 ,
1 abel .
Definition 28. $(A, C, \theta)$ $a$ Z- $(v_{1}, v_{2}, v_{3}, v_{4})$
$(E(\Phi(v_{i}), \Phi(vj)))=$
, $a$ symplectic basis .
$a$ symplectic basis $(v_{1}, v_{2}, v_{3}, v_{4})$ , $(A, C)$ Siegel 2
$\tau:=-\in \mathfrak{h}_{2}$
.
Remark 2.9. 19 , $a$ .
, $\eta\in K$ , $\alpha$ symplectic basis ,
abel , Theorem 17 .
, 19 Q- abel
, 2 jacobi . 1 (cf. Remark 12)
, 2 .
Example 2.10. 1 7 4 CM abel
2 :
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$\mathrm{Q}$ (cf. Remark 14).
, 19 abel , $\mathrm{Q}$ .
Remark 211. van Wamelen CM $\mathrm{Q}$
2 ([5]). , jacobi
CM ([6]).
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